The following theorem answers a question raised by W. A. Pierce in a letter to the writer.
Theorem.
Let f(x) be a permutation polynomial such that Proof. For fixed cEFq put (5) y=f(c + x)-f(c).
It follows from the hypothesis that when x runs through the nonzero squares of Fq the same is true of y; a like result holds for the nonsquares. Thus, if u is an indeterminate, we have
Now it is familiar that U (u -x) = um -1.
Similarly we have
Combining (6) and (7) we get
the product in the left member extending over all x in Fq. From (8) we get
and therefore
Expanding each side of (9) we evidently obtain It follows that the residue (mod q-i) of
Hence if
we again have a contradiction. It is easily verified that (17) holds except for q = 3 or 9. The case q = 3 has already been disposed of. As for g = 9, it is clear that ¿=4 cannot occur. Consequently k = p> and the theorem is proved.
The referee has kindly called the writer's attention to papers by Järnefelt [4] and Kustaanheimo [5] which are related to the subject matter of the present note.
The writer is indebted to Professor Pierce for many helpful comments.
